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Resumo: Neste trabalho analisamos a relação entre o tratamento de Negishi e o teorema 
de dualidade de Fenchel.
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Abstract: In this work we analyze the relation between the Negishi approach and the 
Fenchel’s duality theorem. 
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Introduction

The Negsihi approach is a good tool to 
characterize the set of Pareto optimal alloca-
tions and to generalize this characterization 
to economies with infi nitely many goods and 
a fi nite set of agents. Using this approach, we 
transform an infi nite dimensional optimiza-
tion problem related with Pareto optimal 
allocations into a fi nite dimensional problem 
related with agents and their relative weights 
in the market. Feasible allocations  are 
represented by vectors  in the 
cartesian product of  vectorial spaces  
satisfying the inequalities  where 

 is the vector representing the aggregate 
wealth of the economy. If the economy has 
infi nitely many goods, then  is an infi nite 
dimensional vectorial space. The starting 
point for this work is the problem of the 
maximization of a social utility function.  
The weights of the agents in this social util-
ity function are characterized by a vector 

 (with coordinates representing their 
relative weights in a social utility function) 
in the  dimensional simplex  where  
is the number of agents in the economy and 
this is a fi nite number. As it is well known, 
for each  in the simplex there exists a 
Pareto optimal allocation  such that this 
allocation solves the problem of maximizing 
the social utility  
And reciprocally, for each  Pareto optimal 
allocation, there exists a vector  such 
t h a t   T h e n , 
choosing choose a Pareto optimal allocation 

 satisfying given conditions of wel-
fare, is equivalent to choose certain 

 
 

considering the corresponding (‘’dual’’) 
conditions. In this paper, we will consider 
the problem of maximizing this welfare so-
cial utility as a direct problem, and the dual 
problem of this maximization problem.  In 
other words, we transform the problem of 
choosing an allocation maximizing a social 
utility function restrict to a subset of an in-
fi nite dimensional space, into the problem 
of choosing a vector  minimizing a 
fi nite dimensional dual problem.

The Fenchel’s theorem is a good tool 
to solve optimization problems in fi nite or 
infi nite dimensional spaces, when it is pos-
sible to introduce a dual space of the original 

one. The Negishi approach transforms our 
main infi nite dimensional problem into a 
fi nite dimensional one. To solve our optimi-
zation problem the Fenchel’s duality theorem 
appears to be natural and moreover, using 
this theorem and the Negishi approach, we 
obtain a direct and deeper insight into the 
problem of characterizing the Pareto alloca-
tion that maximizes the social welfare.

The dual problem

Defi nition Let  be a normed space. 
The space of all bounded linear functionals 
on  is called the normed dual of  and is 
denoted by . 

Defi nition  Let  be a convex func-
tional defi ned on a convex set  in a normed 
space . The conjugate set  is defi ned as 

and the functional  conjugate to  is 
defi ned on  as: 

We will denote the epigraph of  
over  by  

To develop a geometric interpretation 
of the conjugate functional as  varies, note 
that the solution  of the equation 

describes a parallel closed hyperplane in 
 The number  is the supremum 

of the values of  for which the hyperplane 
intersects  So,  is a 
support hyperplane of 

Theorem (The Fenchel’s duality 
theorem) Assume that f and g are, respectively, 
convex and concave functionals on the convex 
sets C and D in a normed space X. Assume 
that  contains points in the relative 
interior of C and D and either [f,C] or [g,D] 
has nonempty interior. Suppose further that 

 is fi nite. Then 
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where the maximum on the right is achieved 
by some  
This theorem is shown in [2].

The Negishi dual approach

Let :thereisafea-
sibleallocation  
be  the utility possibility set, and let UP be 
the Pareto frontier. This set is the north-east 
boundary of U Let u be the profi le of utilities, 

 See [3].
For each vector  fi xed, 

consider the following maximization prob-
lem: 

                                           (1)
 

To see the economical intuition of 
this problem, see 4. Note that this prob-
lem is equivalent to the following one: 

 where F is the feasible 
set, see [1].

To solve this problems by means of the 
Fenchel’s theorem, we note that our problem 
is obtaining de maximum of a concave func-
tion  restrict to a convex set 
U. Them, the dual problem will be to mini-
mize the corresponding dual functional. We 
consider the set D to the positive orthant, ac-
cordingly we take  and  
Them, the functional conjugate to g is: 

From the characteristics of the prob-
lem we consider only  The solution of 
this problem is given by ,  a 
profi le in the Pareto frontier.

Consider de conjugate function 
 Now for each 

 we defi ne the functional 

The solut ion of  this  problem 
i s   I t  i s  c lear  that 

N o w  t h e  e q u a l i t y 
 

takes the form: 

w h e r e   a n d 
 However, from the char-

acteristics of this problem we can restrict 
ourselves to choose 

Observe that  for  
given, is equal to  where u 
is the solution of the previous maximization 
problem given in (1) so,  

Now, calculating 

                      (2)

we obtain the maximal possible value 
of  for each  Because, moving 

 the function  is taking all 
the possible values of u in UP thus solving 
(2) and taking account the Fenchel’s duality 
theorem, we obtain the maximum possible 
value of the social utility in the subset of all 
feasible Pareto optimal allocations. Note that 
using continuity arguments the solution for 
problem (2) exists.
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